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Dual Airfoils [Zanon et al. 2013]

More advantageous than
single airfoil

More complex, nonlinear
and unstable
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Dual Airfoils

Pointmass model in spherical coordinates [Williams et al., 2008]

Fig. 2. Multiple kite model with kites on single line. 

Consider the position of an element of tether mass d
jc j
sρ  on the j th tether relative to the ( 1)j − th kite. 

Consider its position in the inertial coordinate system.  Using the spherical coordinates shown in Fig. 2 we have 

( ) cos sin sin cos cos
j j j j j j j j j j
s s s sφ θ φ φ θ= + +r i j k  (1) 

The relative velocity is given by
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 (2) 

It should be noted that the tether(s) are assumed to be rigid such that 
j j
s L= �� .  The inertial position and total inertial 

velocity of the j th element are given by 
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The kinetic energy of the system is given by the sum of the contributions from each tether and kite 
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It is assumed that each tether has a uniform mass with line density 
jc
ρ .  The potential energy of the system is given

by
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Spherical Coordinates

Dual airfoil model in spherical coordinates...
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where 
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The right-hand side of the equations of motion are given by 
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Spherical Coordinates

... page 3 & 4 ...
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The above equations of motion are implemented in MATLAB and solved as a function of time by expressing them 
in state-space form. 

C. External Forces 

1. Aerodynamic Kite Forces 
The major external forces acting on the kite-tow system that are not modeled thus far in the equations of motion 

are the lift and drag forces from the kite, together with the drag forces on the tether.  The kite is assumed to be 
controlled by manipulating its angle of attack and roll angle.  Thus, in this study, its attitude dynamics are ignored.  
The lift and drag forces due to the kite are derived using a velocity coordinate system, as shown in 4. 
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Cartesian Coordinates
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ċT2 ~̇r2 − 2PR2

(
∇R2

ċ2
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Dual Airfoils

Airfoil model: index-1 DAE

50 differential states

3 algebraic states

8 controls

Wind turbulence model:

ẇ�? = −w�?
τ

+ u�?, � ∈ {x , y , z}, ? ∈ {1, 2}

6 differential states

6 controls
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Offline Trajectory Optimization
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Offline Trajectory Optimization
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Some more considerations

Remember that we have invariants!

What happens if one imposes xN = x0?

Some thoughts about the tether tension?

How does one enforce positive tension?

What about elastic tethers?

Is my control u or u̇?

Which model for onboard generators? Fg = − 1
2
ρAgκ‖v‖v

κ = κ̄+ uκ
κ̇ = uκ

How to introduce parameters?

constant p

state ṗ = 0
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